Let B 1 (Ω, R) be the first Baire class of real functions in the pluri-fine topology on an open set Ω ⊆ C n and let H * 1 (Ω, R) be the first functional Lebesgue class of real functions in the same topology. We prove the equality B 1 (Ω, R) = H * 1 (Ω, R) and show that for every f ∈ B 1 (Ω, R) there is a separately continuous function g : Ω 2 → R in the pluri-fine topology on Ω 2 such that f is the diagonal of g.
Introduction
The first Baire class functions is a classical object for the studies in the Real Analysis, General Topology and Descriptive Set Theory. There exist many interesting characterizations of these functions. Let us denote by I the closed interval [0, 1]. It is a classical result in the real functions theory that the diagonals of separately continuous functions of n variables are exactly the (n − 1) Baire class functions. See R. Baire [1] for the original proof in the case where n = 2, and H. Lebesgue [9, 10] and H. Hahn [6] for arbitrary n 2. A proof of the equivalence of (i), (iii), (iv) and (v) in the situation of a metrizable strong Baire space can be found, for example, in [11, Theorem 2.12, p. 55]. The goal of our paper is to find similar characterizations of the first Baire class functions on the topological space (Ω, τ ), where Ω is an open subset of C n and τ is the pluri-fine topology on Ω. The pluri-fine topology τ is the coarsets topology on Ω such that all plurisubharmonic functions on Ω are continuous. The topology τ was introduced by B. Fuglede in [5] as a basis for a fine analytic structure in C n . E. Bedfor and B. Taylor note in [2] that the plurifine topology is Baire and has the quasi-Lindelöf property. S. El. Marzguioui and J. Wiegerinck proved in [14] that τ is locally connected and, consequently, the connected components of open sets are open in τ (see also [15] ). It should be noted that τ is not metrizable (see Corollary 1.8 below). Thus, it is not clear whether the formulated above characterizations of the first Baire class functions are valid for (Ω, τ ).
Let us recall some definitions. Let X be an arbitrary nonvoid set. For integer m 2 the set ∆ m of all m-tuples (x, ..., x), x ∈ X, is by definition, the diagonal of X m . The mapping
, is called the diagonal mapping and, for every function f :
is, by definition, the diagonal of f . Let X and Y be topological spaces. A function f : X → Y is a first Baire class function if there exists a sequence (f n ) n∈N of continuous functions f n : X → Y such that the limit relation 
Recall that a subset A of a topological space X is functionally closed, if there is a continuous function f : 
is continuous in the subspace topology generated by µ.
.., b n ) ∈ C n and z ∈ C, then we shall write a + bz the for n-tuple (a 1 + b 1 z, a 2 + b 2 z, ..., a n + b n z).
is subharmonic or identically −∞ on every component of the set
In what follows, τ denotes the pluri-fine topology on Ω, i.e., the coarsest topology in which all psh functions are continuous.
As was noted in [14] , many results related to the classical fine topology which was introduced by H. Cartan are valid for the pluri-fine topology.
For example, τ is Hausdorff and completely regular. It is well known that Cartan's fine topology is not metrizable and all compact sets are finite in this topology. The topology τ also has these properties.
Let π j : Ω m → Ω be the j-th projection of Ω m on Ω, j ∈ {1, ..., m}. We identify Ω m with the corresponding subset of C mn and denote by τ m the pluri-fine topology on Ω m .
Proof. Let Y be a topological space. It follows form a general result on the continuity of the mappings to a topological space X with a topology generated by a family F of functions f on X (see [4, Substituting C instead of Ω and n instead of m we obtain the following Corollary 1.5. All projections π j : C n → C, j = 1, ..., n, are continuous mappings with respect to the pluri-fine topologies on C n and C. Proposition 1.6. Let Ω be a non-void open subset of C n and let A be a compact set in (Ω, τ ). Then A is finite, |A| < ∞.
Proof. If f is a psh function on C n , then the restriction f | Ω is psh on Ω. Hence it is sufficient to show that |A| < ∞ for the case Ω = C n . By Corrolary 1.5 every projection π j is continuous. Hence the sets A j = π j (A), j = 1, ..., n, are compact. As was mentioned above every compact set in (C, τ ) is finite. Consequently, we have |A j | < ∞, j = 1, . . . , n. These inequalities and |A| n j=1 |A j | imply that A is finite. Proposition 1.7. Let Ω be a non-void open subset of C n , n 1. The pluri-fine topology τ is not first-countable for any n.
Proof. Suppose, contrary to our claim, that τ is first-countable. The topology τ is Hausdorff. Since (Ω, τ ) is not discrete, Ω contains an accumulation point a which is the limit of a non-constant sequence (a k ) k∈N of points of Ω. It is clear that the set
is an infinite compact subset of Ω. The last statement contradicts Proposition 1.6. Proof. Since every metrizable topological space is first countable, the corollary follows from Proposition 1.7.
M. Brelot in [3] considers a fine topology generated by a cone of lowersemicontinuous functions of the form f : X → (−∞, ∞]. Every plurisuperharmonic function satisfies these conditions and such functions are just the negative of plurisubharmonic functions. Thus, the pluri-fine topology τ is an example of fine topologies studied in [3] .
Separately continuous functions and the first Baire functions in the pluri-fine topology
The following is a result from Mykhaylyuk's paper [17] (see also [16] ).
Lemma 2.1. Let X be a topological space and let X m be a Cartesian product of m 2 copies of X with the usual product topology. Then for every (m−1)-Baire class function g : X → R there is a separately continuous function f : X m → R such that f (x, ..., x) = g(x) holds for every x ∈ X.
Let us denote by t m the Thychonoff topology (= product topology) on the product of m copies of the topological space (Ω, τ ). The topology t m is the coarsest topology on Ω m making all projections π j : Ω m → Ω, j = 1, . . . , m continuous. Lemma 2.1 directly implies the following. The following theorem gives a "pluri-fine" analog of the implication (i) ⇒ (ii) from Theorem 1.1. 
holds for every topological space X.
Proof. Let X be a topological space and let Y be an arcwise connected, locally arcwise connected, metrizable space. Then every f ∈ H * 1 (X, Y ), with separable f (X), belongs to B 1 (X, Y ) (see [8] ). Hence H * 1 (X, R) ⊆ B 1 (X, R) holds.
It still remains to make sure that
is valid for every topological space X. The following is a simple modification of well known arguments. Let f ∈ B 1 (X, R). Consider a sequence (f n ) n∈N of continuous real valued functions on X such that the limit relation f (x) = lim n→∞ f n (x) holds for every x ∈ X. Let (ε m ) m∈N be a strictly decreasing sequence of positive real numbers with lim
Let us prove the equality
for every a ∈ R. It is sufficient to show that for every
(2.6)
The last inequality and (2.5) imply lim n→∞ f n (x) < a − ε m 1 for some m 1 . Consequently, there is p ∈ N such that f n (x) < a − ε m 1 for all n p, that is
Since the sequence (ε m ) m∈N is strictly decreasing, the inclusion
follows for every m. Hence (2.6) holds with m = m 1 + 1.
Note now that f 
Hence, the set f −1 (a, ∞) belongs to F * σ . We can now easily prove (2.3). Indeed, it is sufficient to show that {x : a < f (x) < b} is a countable union of functionally closed sets for every f ∈ B 1 (X, R) and every interval (a, b) ⊆ R. Using (2.5), we obtain
where all H i and F j are functionally closed. It was mentioned above that the countable intersection of functionally closed sets is functionally closed. Hence, by (2.7), f −1 (a, b) ∈ F * σ , so that (2.3) follows.
Corollary 2.5. The equality B 1 (Ω, R) = H * 1 (Ω, R) holds if a non-void open set Ω ⊆ C n is endowed by the pluri-fine topology τ .
This corollary and Theorem 2.1 imply the following result.
In the following corollary we consider the classes B 1 (Ω, R) and F * σ with respect to the pluri-fine topology τ on Ω.
Corollary 2.8. Let Ω be a non-void open subset of C n , n 1, and let f be a real valued function on Ω. Then f belongs to B 1 (Ω, R) if and only if, for each couple a, b ∈ R, with a < b, double inclusions (2.8) and (2.9) hold for some H 1 , H 2 ∈ F * σ .
